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Abstract 

Motivated by application of current superalgebras in the study of disordered 
systems such as the random XY and Dirac models, we investigate gl{2\2) current 
superalgebra at general level k. We construct its free field representation and cor- 
responding Sugawara energy- momentum tensor in the non-standard basis. Three 
screen currents of the first kind are also presented. 



1 Introduction 



Virasoro algebra and current algebras are algebraic structures in conformal field theories 
(CFTs) [1, 2, 3] and string theory [4]. According to the Zamolodchikov c-theorem [5] 
a unitary CFT corresponds to a fixed point of the rcnormalization groTip flow. So uni- 
tary CFTs and current algebras also play an important role in the study of 2D critical 
behaviours of statistical mechanics models. 

Recently current superalgebras and their corresponding non-unitary CFTs have at- 
tracted much attention. The reason is partly as follows. One the one hand, representations 
of superalgebras are often indecomposable, and such indecomposable representations lead 
to logarithmic singularities in correlation functions: a character of so-called logarithmic 
CFTs (e.g. see e.g. [6] and reference therein). On the other hand, current superal- 
gebras with zero superdimension have found various physical applications ranging from 
condensed matter physics to high energy physics. Particularly interesting are the appli- 
cations in topological fleld theory [7] and the supersymmetric method [8] to the study of 
disordered systems [9, 10, 11, 12, 13, 14]. There the vanishing of Virasoro central charges 
and the existence of negative dimensional primary fields are essential [11, 9, 15]. 

Free field realization [16] is a common approach used in CFTs, representation the- 
ory of current (super) algebras and apphcations [17, 18, 19, 20, 21, 22, 23, 24, 25]. From 
the viewpoint of application to disordered systems, most interesting arc osp{N\N) and 
gl{N\N) current superalgebras [11, 14]. The representations of gl{l\l) and osp{2\2) cur- 
rent superalgebras at general level k have been studied in details in [26, 9, 12, 25]. 

In this paper we investigate the non-semisimple 5'/(2|2) current superalgebra at general 
level k, relevant to the two-species random XY and Dirac models. We construct its free 
field representation in the non-standard basis. Let us point out that a free field realization 
for the semisimple s/(2|2) current superalgebra in the standard basis was obtained in [27]. 
We moreover construct the Sugawara energy-momentum tensor and obtain three screen 
currents of the first kind. 

2 Notations 

Unlike bosonic algebras, the simple root system of superalgebras is not unique. In the 

case of gl{N\N), the standard (distingished) basis has a single fermionic simple root. 
From physical application point of view, the non-standard basis where all simple roots 
are fermionic is more useful. In this paper, we will adapt the non-standard basis. In 
this basis, 5'/(2|2) has simple raising generators E13, E32 and £^24, and simple lowering 
generators £'31, E23 and E42. The corresponding Cartan subalgebra is generated by 

Hi = Ell + £33, H2 = E22 + £33, H3 = E22 + -E44, 
H4 = Ell + E22 — -E33 — + a{Eii + E22 + £33 + E44), (2.1) 

where a is an arbitrary parameter. That H4 is not uniquely determined is a consequence 
of the fact that gl{2\2) is non-semisimple. The defining representation of gl{2\2) in the 
non-standard basis is given by 

Eis — ei3, E32 — 632, E24 — 624, 
E31 — 631, E23 — 623, E42 — 642, 
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Ei2 — ei2, £'34 = 634, £'14 = ei4, 
E21 — 621, £^43 = 643, £'41 = 641, 

Hi = en + 633, H2 = 622 + 633, H3 = 622 + 644, 

Hi = 611 + 622 - 633 - 644 + Oi{eii + 622 + 633 + 644), (2.2) 

where Cij are the matrix with entry 1 at the i-th row and j-th column, and zero elsewhere, 
The generators obey the (anti-) commutation relations: 

E,i] = 6j,Eu - (-1)(W+[^D([^]+['1)(5,,£,-,, (2.3) 

where [1] = [2] = 0, [3] = [4] = 1 and 

£11 = J ((3 - a)Hi - 2H2 + (1 - a)Hs + H^) , 

E22 = \ (-(1 + a)^i + '2H2 + (1 - a)Hs + Hi) , 

£33 = ^ ((1 + + 2i^2 - (1 - a)H^ - Hi) , 

£44 = I ((1 + - 2/^2 + (3 + a)H^ - Hi) . (2.4) 
The quadratic Casimir of gl{2\2) is 

Ci = E(-i)'^''^^^B^5A 

A,B 

= ^Hi{Hi - 2) - ^i/3(i^3 + 2) - {Hi - Hs)H2 + ^(^1 + ^3)i^4 

+2£/i2£'21 — 2£/i3£/3i — 2£/24-E'42 ~ 2EiiEii + 2£/32-£/23 ~ 2£/34£/43 

-|(i/i + i/3)^. (2.5) 

Because 5^^(212) is non-semisimple, is a central element and thus there is another 

quadratic Casimir 

^2 — ^ EaaEbb — {Ell + E22 + -E'33 + -£44)^ = {Hi + H^)^ . (2.6) 

A,B 

These two Casimir elements are useful in the following for the construction of Sugawara 

energy-momentum tensor. 

The 5'/(2|2) current superalgebra at general level k can be written as 

Mz)Mw) = k 'JliEll^ + -±- (Sj.Mw) - (-l)(^+b])(W+W)5, J,,(H) , (2.7) 

where Jij{z) are currents corresponding to generators Ejj and 

Mz) = ^{{3-a)Ji{z)-2J2{z) + {l-a)J3{z) + Ji{z)), 

J22{z) = ^{-{l + a)Ji{z) + 2J2{z) + {l-a)J3{z) + Ji{z)), 

Mz) = ^{{l + a)Ji{z) + 2J2{z)-{l-a)J3{z)-Ji{z)), 

Jii{z) = \{{l + a)Ji{z) - 2J2{z) + (3 + a)J3{z) - Ji{z)) . 
Here Ji{z) are currents associated with H^. 
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3 Free field realization 

To obtain a free field reafization, we first construct Fock space representation of gl{2\2). 
The Fock space is constructed by the actions of the raising operators £'13, £'32, £24, £12, 
£34 and Ei4 on the lowest weight state. Define the lowest weight state |A > of gl{2\2) by 

Ei3\A >= £/32|A >= -E24IA >= -E12IA >= E34\A >= Em\A >= 0, 

Hi\A >= Ai\A > . (3.8) 

Then in the non-standard basis, the action of the operator e"^ with 

A — ^13-Ei3 + + ^24-E'24 + a:;i2-E'i2 + X34E34 + ^^M-Eu 

on the lowest weight state |A > generates a coherent state of the algebra, where Xij are 
bosonic coordinates satisfying a; 12X34 = 2:34X12 and [dxi^,Xki] = SikSji and 9ij are fermionic 
coordinates obeying 6ij6ki = -OuiOij and {dei^,9ki} = SikSji. 
We write 

ge^\A>^dge^\A>, (3.9) 

where s a generator of gl{2\2) and dg is the corresponding differential operator. By 
using the defining relations of gl{2\2) and the Baker-Campbell-Hausdorff formula, after a 
long algebraic manipulation we obtain 

0?_Bi2 = 9x12 ~ 2^24^^6*14) 

1 1 1 

dsis = ^613 + 2^3^9x12 ~ 2^34f?6»i4 — —6*32 6*24 C?6>i4) 

dE32 — 9032 + 7:^139x12 + 7:^24.9x34^ — 7^13^249^14, 

2 2b 

dE24 = ^6)24 + -0329x34. + 2^1296(14 + — 6'326'l3(9ei4 , 

dni = Ai — 0^29e32 ~ Xi29xi2 ~ Xu9x34. ~ 01480^4, 

dH2 = A2 + 6*1396113 — 6*24 96124 + 2^129x12 — X34 9^:34, 

dH3 = A3 + 6'329e32 + xi2dxy, + X349X.34 + 6'i49ei4, 
dH4 — A4 — 2 {9i3d0j^3 — 9329032 + 024:9024 + 01480^^4) , 

dE3i — O13A1 — X129032 + Oi4dx34 — -0x3 {0329032 + Xi29xi2 + ^349j;34 + ^1495114) 

+ J^^13 (6'326'249a;34 — a;i26'249a;34) , 
dE23 = ^32A2 + ^129^13 - ^349024 + ^6'32 (6'i39ei3 - 6'249024 + Xi29x^2 " 2:349^34) 

+ ^6*32 (6*13X349014 + Xi26'249ei4) , 
dE42 — 024-^3 + 2^349032 + Oi4dxi2 + 2^24 ( 032 9032 + ^129x^2 + 2^349a;34 + ^149$^) 
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1 1 

dE2i = {xi2 - 2 ^13^32) Ai - {xi2 + -9i3032)M - X12 {O^de^^ + 92,2de32 + Xi2dx^^) 

— [OlA — -X12O2A — -^133:^34 — -^13^32^24^ 96)24 
+ ^6*32 {OlA + ^a:;i26'24 + ^6'i3X34^ d^^^ 

— ^Xi2 [9lA + ]<Ci202A + ^6'l3a;34) Qq^^ + ^012,9^2 (Ol4 " ]^Xi292^ Oq^^, 
dEis = (^34 - ^6'326'24)A2 " (2^34 + ^6'326'24)A3 " 2:34 {02.200^^ + 92480^4^ + XzaOx^^) 

— {9lA + -.'3:;i2^24 + -^13''3^34 " -6'l36'326'24^ C^0i3 

— 2^32 {9lA + -3^12^24 - -^133;34^ 9x34 

— 2^34 ^^14 — 2^12^24 — 2^13^34^ Qq-^^ — —^326*24 ^^14 + 2^13^34^ ^^j^, 
C?E4i = ^^^14 + 2^126*24 + 2^13^34 — g 6*13 6*32 6'24^ Ai 

— ^^14 + 2^12^24 — 2^133^34 + -^13^32^24^ A2 
+ {9lA — -X1292A — -6'l3a;34 " -6'l36'326'24^ A3 

+ ^13 ^^14 + 2^12^24^ de^3 ~ ^24 ^^14 " 2^132^34^ de2A 

— {xi2Xzi - ^Xi293292A + ^6'i36'32X34^ Oq^^ 

— X12 (^9i4 + -X1292A + —9i39s292A^ 9^^^ 

+ a^34 (6*14 - ^6*132:^34 + ^6*13 6*32 6*24) 9^34 + ^xi292A9i'iXudeii- (3.10) 

It is straightforward to prove that the above differential operators satisfy the algebraic 
relations of gl{'2.\2) algebra. Prom the differential operators reahzation, we see that the 
parameter a involved term has no contribution to the result. 

With the help of the differential operator representation we can find the Wakimoto 
realization of gl{2\2) current superalgebra in terms of two bosonic (3-^ pairs, four fermionic 
h-c type systems and four free scalar fields 0^. The free fields obey the following OPEs: 

z — w 



z — w 

(f)i{z)(pj{w) = -str{HiHj) ln{z - w). (3.11) 

The free field reahzation of the 5^/(21 2) current superalgebra is obtained by the substitu- 
tion: 

dEij ^ Jij{z), dHi^Mz), Xij^-fij{z), d:,^. ^ I3ij{z), 
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eij^Aj(z), de,,^4j{z), Ai^V^d^z) (3.12) 

in the differential operator realization of gl{2\2) and a subsequent addition of anomalous 

terms linear in dijjij{z) and d'-fij{z) in currents associated with the lowering generators of 
gl{2\2). It also turns out that one needs to add the "anomalous" term d(f)i{z) + d<pz{z) 
with an appropriate coefficient to the current Ji{z). The result is 

Jia{z) = ip\i{z), 

Juiz) = (3i2(z) - -V'24(^)V'l4(^), 
^34(^) = (334{z) + ^■Ipi3{z)ipl4{z), 

Jniz) = 'tpniz) + l:ip32{z)Pi2{z) - J (isiiz) + Iip32{z)ip24{z)) ipuiz), 



J32{Z) = IpUz) + llpl3{z)Pl2{z) + llp24{z) ( Pu{z) + Ilpl3{z)lpl4{z)) , 



J2a{z) = i)2A{z) + ]^iP32{z)(3m{z) + ^ {ll2{z) - ^^/'l3 (^)^32 (^)) ^\a{z), 

Ji{z) = iVkd(j)i{z) - ^32(^)^32(^) - I3i2{zhi2{z) - (3s4{z)'y3i{z) - iIji4{z)iIjI^{z), 

J^[z) = i\/k:d(i)2{z) + i)i3{z)llj{3{z) - V^24(-Z)V44(-2) +/5l2(-2)7l2(^) -/334(2;)734(-2), 
J3(^) = iVkd(j)3{z) + V'32(^)^32(^) + Pl2{z)'yi2{z) + p34{z)'y34{z) + '014(^)7l4(^), 
J4{Z) = iVkd(t>4{z) - ^ {d4>^{z) + d4>3{z)) 

- 2 (^13(^)^13(^) - ^32(^)^32(^) + V'24(^)^24(^) + ^14 (^) ^^14 (^)) , 
J3l{z) = i\/kd^i{z)'ll^i3{z) - 7l2(^)'032(^) + '014(^)/?34(^) 

- -;^A3{z) (V'32(^)V'32(^) +/3l2(^)7l2(^) +/334 (2)734 (^) +-014(^)^4 (^)) 
+ ^^13(2) {'4'32{z)i)24{z)(3M - ll2{z)i'24{z)(3M) + kdlpis{z), 

J23{z) = iVkd(f)2{z)^s2{z) + 7l2(2)'013(^) " l34{z)^24{z) 

+ ^'^32(z) (jjji3(z)ljjl-i(z) - 'ljj24(z)ljjl^(z) + Pi2(z)-fi2(z) - Pu{zh34(z)^ 

+ -^■ip32{z) (^i3{z)'yu{z)^l4{z) + 712(2)^^24(2)^^14(2)) - kdip32{z), 

742(2) = i\/kd(t)3{z)e24 + 734(2)V'32(2) + i^l4{z) I3i2{z) 

+ -ij24{z) (^32(2)^^2(2) + A2 (2)712 (2) + /334(2)734(2) + ^14(2)^14(2:)) 

+ ^-024(2) ('013(2)'032(2)/?12(2) - -013 (2)734 (2)'014(^)) + ^^"024 (2), 

1 1 

J2i(2) = i\fkd(i)i{z){-ii2{z) - -■i]ji3{z)i)32{z)) - i\/kd(f)2{z){-fi2{z) + -^13(2)^32(2)) 

- 712(2) (V'l3(2)^i3(2) + -032(2)^12(2) + /?12(2)7l2(2)) 

- (^'14(2) - ^712(2)1^24(2) - ^^'13(2)734(2) - ^V'13(2)V'32(2)V'24(2)^ ^24(2) 
+ ^^^32 (2) (^^14(2) + ^7l2(2)V'24(2) + ^^^13 (2)734 (2)) p34{z) 
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+ ^'tPMM^) (V'mI^) - lM^)^24{z)j 4^{Z) + {k- l/2)dji2{z) 
+ ^{k + l/6)V^32(^)aV^13(^) + + l/3)^i3(^)<9^32(^), 

J43{z) = iVkd(l)2{z){^34{z) - ^tp32{z)lp24{z)) - iV^503(^) (734(^) + ^'032(^)'024(^)) 

- -fuiz) ('032(^)V'32(^) + V'24(2;)V'24(^) + M^hsAiz)) 

- (i^u{z) + ^712(^)^^24 (^) + ^V'13(^)734(^) - ^V'13(^)V'32(^)V'24(^)) i^Uiz) 

- ^V'32(^) (V'14(^) + ^7l2(^)V'24(^) - ^V'13(^)734(^)) Ps^iz) 

- ^734 (^) (^Puiz) - ^7l2(^)V'24(^) - ^^13(^)734(^)) 1pu{z) 

- ^i'32{z)i^24{z) (^i'Miz) + ^^13(^)734(^)) i^Uz) - {k + l/2)dju{z) 

- ^{k - l/3)lP24{z)dlP32{z) - lik - l/6)ll;s2{z)dlP24{z), 

/I 1 1 

J4l{z) = i\fkd<i)i{z) UPia{z) + -7l2(^)^/'24(^) + 2^13(2;)734(2;) - -^/^13(^)V'32(^)V'24(^) 

(111 
iI^Ia{z) + -7l2(^)V'24(^) - 2V'13(^)734(^) + gV'l3(^)V'32(^)V'24(^) 

^ i\/kd(t)i{z) [i^lAiz) - ^7l2(^)'024(^) - ^'013(^)734(^) - ^'013(^)'032(^)^24(^) 

+ ^13(^) {4^1a{z) + ^712(^)^/^24 (^)) ^13(^) + ^7l2(^)^24(^)^13(2;)734(^)^14(^) 

7l2(^)734(^) - ^7l2(^)V'32(^)V'24(^) + ^V'l3(^)V'32 (^)734(^)) V'32(^) 

- 7l2(^) (V'14(^) + ^7l2(2;)V'24(2;) + ^^13(2:)^32(^)^24(^)) /3l2 

+ 734(^) {^\a{z) - ^V'13(^)734(^) + ^V'13(^)V'32(^)V'24(^)) ^z) 

- '4^2a{z) [^u{z) - ^V'13(^)734(^)) V'24(^) + ^(^ " l)^24(^)57l2(^) 

k 1 k 

- 2712(^)5^24(2;) - ^{k + l)^13(^)t^734(^) + 2734(^)«9V'13(^) 

1 k 

- -{k + l/2)'lp32{z)'llj24{z)d'llji3{z) - -1pl3{z)'lp24{z)d'lp32{z) 

- ^{k - l/2)ilj,3{z)i/Js2{z)dilj24{z) + kdijjuiz). (3.13) 

We remark that even though the parameter a does not occur in the expression of the 
currents, it appears in the following OPE 

T / \ T / \ r 

Ji{z)Ji{w) = k- + 

[z — wy 

So different choice of a will give different OPE of J4{z) with itself. It is straightforward to 
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check that the above currents satisfy the OPEs of the gl{2\2) current superalgebra given 
in the last section. 



4 Energy- momentum tensor 

The CFT associated with the gl{2\2) current superalgebra is obtained by constructing the 
Sugawara energy-momentum tensor. The Sugawara tensor corresponding to the quadratic 
Casimir Ci is given by 

= Mz)d-ti2{z) + (3^{z)d-fzi{z) - 'ip\^{z)d'4)iz{z) 

- V'32(^)^V'32(^) - V'24(^)^V'24(^) " 'll^u{z)d'll)i4.{z) 

+ \ {d(i>,{z) - du^)) dhiz) + ^ (aVi(^) + d'M^)) 

+ ^^idMz) + dMz)f. (4.14) 

With respect to this tensor, all currents except J4{z) are primary fields. However, its 
OPE with J4{z) reads 

Ti{z)J4{w) = ^—r:^Mw) + 7 rdJ4 

[z — wy [z — w) 

1 Ai 

(50iH + a03H) 



{z-wy^ 

-^^(a^0iH + 9^03H). (4.15) 



(^ 

This means that Ti[z) is not a corrent energy- momentum tensor of the theory. 
Now the Sugawara tensor associated with the Casimir C2 is 

U^) = ^ ■■T.Mz)JjA^) ■■= -I {dM^) + dU^)f- (4.16) 

It has a non-trivial OPE with current J4{z): 

T,{z)Mw) = (dM^) + dhH) + (d'<l>iH + d'M^)) . (4.17) 

[z — wy {z — w) ^ ' 

Comparing the two above OPEs, we see that if we define 

T{z)=T,{z)^\t2{z) (4.18) 
then all currents become primary with respect to T{z) and moreover 

rwTM^^ + ^ + ^. (4.19) 

[z — wy [z — wy z — w) 
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where the central charge c = 0. So T(z) is the energy-momentum tensor of the gl{2\2) 
current superalgebra. In terms of the free fields T{z) reads 

T{z) = Mz)dji2{z) + Puiz)d-fu{z) - 43iz)d^lJi3iz) 

- '032(^)5V'32(^) - '024(^)5V'24(^) " ^uiz) d^lju{z) 
1 



+ 



(4.20) 



5 Screening currents 

An important object in the free field approach is screening current. Screening currents 
are primary fields with conformal dimension 1, and their integrations give the screening 
charges. Screening currents communite with icurrent generators up to a total derivative. 
These properties ensure that screening charges may be inserted into correlators while the 
conformal or affine ward identities remain intact. For the present case, we find three 
screening currents, 



Sl3{z) 
S32{z) 
S24.{z) 



i^isi^) + 7;M^)'^32{z) - l (-f34{z) - Il/J32{z)ij24{z)) i^hiz)) Si3{z), 



-^32 (^) + ^(3l2{z)^13{z) + ^1p2A{z) (^(^sAiz) - ^^/'l3 (2:)^14 (^)) ) S32(^), 
-V'24(^) + ^P34{z)tp32{z) + ^ (^-fl2{z) + ^V'l3(^)V'32(^)) V'l4(^)) S24(^), 



where 



z 1 
Si3{z) = exp{--^(f)i{z)}, S32iz) = exp{-^02(^)}, 



S2AZ 



exp{- 



The OPEs with the currents are 



(5.21) 



(5.22) 



J3l{z)si3{w) 




J23{z)si3{w) 


. . . , 


J2l{z)si3{w) 




Jai{z)si3{w) 




J23iz)s32{w) 


= -dw 


J3l{z)s32{w) 


. . . , 



k 



-Sl3[W) 

z — w j 

■h2[z)Sx3{w 

k 



z — w 

k 



iIJ32{w)si3{w) , J43{z)si3{w) 



(734(w) - -1p32{w)lp24{w))Si3{w) 
z — W I 

( k ^ , \ 



z-w } 

J42{z)s32{w) = 
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J2liz)s32{w) = I 
J43iz)s32{w) = -du 
J4l{z)s32{w) = -du 

J42{Z)S24{W) = dy, I 

-^3l(^)s24(w) 
^43(^)S24(W) = 

J4l(^)s24(w) = -du 

All other OPEs are trivial. 



k 



— w 
( k 



— w 

' k 



^z — w 

k 



'4^iz{w)h2{w)j , 

A3(w)ljj24{w)s32(w) , 



S24{w) , 

z — w J 
/ k 



^z — w 

' k 



i>32{w)s24{w) , Jl2{z)s24{w) 



(7i2(w) + -^i3{w)ip32{w))s2i{w) . (5.23) 
z — w z I 



6 Discussions 



Wc have studied the non-scmisimplc current superalgebra gl{2\2)'^^^ at the general level 
k. We have constructed its Wakimoto free field representation and Sugawara energy- 
momentum tensor in the non-standard basis. We have found three screen currents of the 
first kind. 

The motivation for this study is the application of the g'i(2|2) current superalgebra to 
disordered systems. To fully take the advantage of the CFT method, we need to construct 
its primary fields. There are two types of representations for this current superalgebra: 
typical and atypical representations. Atypical representations have no counterpart in the 
bosonic algebra setting and our understanding to such representations is still very much 
incomplete. So it is a highly non-trivial task to construct primary fields corresponding 
to the atypical representations. On the other hand, typical representations are similar to 
those appearing in a bosonic algebra, and so primary fields associated with the typical 
representations can be constructed by the usual procedure. Results for the primary fields 
will be published in a separate paper. 
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